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[Example 9.1.1] In order to compare the English proficiency of each grade 
at a university, samples were randomly selected from each grade to take 
the same English test, and the data are in Table 9.1.1. 

Grade English Proficiency Score Average

1
2
3
4

81 75 69 90 72 83 
65 80 73 79 81 69 
72 67 62 76 80 
89 94 79 88 

ഥ𝒚𝟏∙ = 78.3
ഥ𝒚𝟐∙ = 74.5
ഥ𝒚𝟑∙ = 71.4
ഥ𝒚𝟒∙ = 87.5

<Answer>
𝑯𝒐 ∶ 𝝁𝟏 = 𝝁𝟐 = 𝝁𝟑 = 𝝁𝟒
𝑯𝟏 ∶ 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝝁𝒊 𝒊𝒔 𝒏𝒐𝒕 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆

9.1 Analysis of Variance for Experiments of Single Factor 
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<Answer of Example 9.1.1>

𝑭𝟎 =

𝑺𝑺𝑻𝒓

(𝟒−𝟏)
𝑺𝑺𝑬

(𝟐𝟏−𝟒)

=
𝑻𝒓𝒆𝒂𝒕𝒎𝒆𝒏𝒕 𝑴𝒆𝒂𝒏 𝑺𝒒𝒖𝒂𝒓𝒆 (𝑴𝑺𝑻𝒓)

𝑬𝒓𝒓𝒐𝒓𝑴𝒆𝒂𝒏 𝑺𝒒𝒖𝒂𝒓𝒆 (𝑴𝑺𝑬)
~ 𝑭𝟑,𝟏𝟕

𝑭𝟎 =
𝟔𝟒𝟑.𝟔𝟑𝟑

𝟑
𝟖𝟑𝟗.𝟎𝟑𝟑

𝟏𝟕

= 𝟒. 𝟑𝟒𝟕 𝑭𝟑,𝟏𝟕;𝟎.𝟎𝟓 = 𝟑. 𝟐𝟎

• 𝐇𝐞𝐧𝐜𝐞 𝐑𝐞𝐣𝐞𝐜𝐭 𝑯𝒐 ∶ 𝝁𝟏 = 𝝁𝟐 = 𝝁𝟑 = 𝝁𝟒
• ANOVA Table

9.1 Analysis of Variance for Experiments of Single Factor 

⋯
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9.1.1 Multiple Comparison

▪ Hypothesis

𝑯𝒐 ∶ 𝝁𝒊 = 𝝁𝒋
𝑯𝟏 ∶ 𝝁𝒊 ≠ 𝝁𝒋 𝒊 = 𝟏, 𝟐, … , 𝒌 − 𝟏 ; 𝒋 = 𝒊 + 𝟏, 𝒊 + 𝟐, … , 𝒌

▪ Tukey’s Honestly Significant Difference (HSD) Test

𝐈𝐟 | ത𝑦𝑖 − ത𝑦𝑗 | > 𝐻𝑆𝐷𝑖𝑗 , 𝐭𝐡𝐞𝐧 𝐑𝐞𝐣𝐞𝐜𝐭 𝑯𝒐

where 𝐻𝑆𝐷𝑖𝑗 = 𝒒𝒌,𝒏−𝒌; 𝜶
𝟏

𝟐

𝟏

𝒏𝒊
+

𝟏

𝒏𝒋
𝑴𝑺𝑬

𝒒𝒌,𝒏−𝒌; 𝜶 is the studentized range distribution

9.1 Analysis of Variance for Experiments of Single Factor 
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9.1.1 Multiple Comparison

9.1 Analysis of Variance for Experiments of Single Factor 
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[Example 9.1.2] In [Example 9.1.1], the analysis variance of English scores 
by grade concluded that the null hypothesis was rejected and the average 
English scores for each grade were not all the same. 

• Apply multiple comparisons to check where the differences exist among 
each school grade with a significant level of 5%. 

• Use 『eStat』 to check the results.

<Answer>

• Hypothesis 𝑯𝒐∶ 𝝁𝒊 = 𝝁𝒋, 𝑯𝟏 ∶ 𝝁𝒊 ≠ 𝝁𝒋 𝒊 = 𝟏, 𝟐, … , 𝟑 ; 𝒋 = 𝒊 + 𝟏, 𝒊 + 𝟐,… , 𝟒

• HSD Test

𝐈𝐟 | ത𝑦𝑖 − ത𝑦𝑗 | > 𝐻𝑆𝐷𝑖𝑗 , 𝐭𝐡𝐞𝐧 𝐫𝐞𝐣𝐞𝐜𝐭 𝑯𝒐

9.1 Analysis of Variance for Experiments of Single Factor 
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<Answer 
of 
Example 
9.1.2>

9.1 Analysis of Variance for Experiments of Single Factor 
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<Answer of Example 9.1.2>

9.1 Analysis of Variance for Experiments of Single Factor 
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9.1.2 Residual Analysis

▪ ANOVA test is based on assumptions about the error term 𝝐𝒊𝒋. 

⇨ 𝝐𝒊𝒋‘s are independent of each other (independence)

⇨ each variance of 𝝐𝒊𝒋 is constant , 𝝈𝟐 (homoscedasticity)

⇨ each 𝝐𝒊𝒋 is normally distributed (normality)

▪ Validity of these assumptions should always be investigated. 

⇨ 𝝐𝒊𝒋 can not be observed

⇨ residual, 𝒀𝒊𝒋 − ഥ𝒀𝒊∙ , as estimate of 𝝐𝒊𝒋 is used to check assumptions. 

⇨ residual analysis

9.1 Analysis of Variance for Experiments of Single Factor 
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9.1.2 Residual Analysis

9.1 Analysis of Variance for Experiments of Single Factor 
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Thank you


