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9.3  Analysis of Variance for Experiments of Two Factors

▪ If there are two factors (A and B) affecting the response variable, 
⇨ two-way analysis of variances. 
⇨ frequently used in experiments in engineering, medicine, agriculture. 

▪ Response variable is observed at each combination of two factors. 
⇨ repeat at least two experiments at each combination of two factors

▪ Two-way ANOVA tests:
⇨ test whether population means of each level of factor A are the same  

(main effect test of factor A)  
⇨ test whether population means of each level of factor B are the same 

(main effect test of the factor B)
⇨ test whether effect of factor A is influenced by effect of factor B

(interaction effect test). 
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[Example 9.3.1] Table 9.3.1 shows the yield of three repeated agricultural experiments for 
each combination of four fertilizer levels and three rise types to investigate yield of rice. 

1) Find the average yield for each combination of fertilizers and rice types.
2) Using 『eStat』, draw a scatter plot with the rice types (1, 2 and 3) as X-axis and the yield 

as Y-axis. Separate the color of the scatter plot's dots by the type of fertilizer. Then, show 
the average of the combinations at each level on the scatter plot and connect them with 
lines for each type of fertilizer to observe. 

3) Test main effects of fertilizers and rice types and test interaction effect of the two factors.
4) Using 『eStat』, check the results of the two-way analysis of variance.

Fertilizer
Types of rice

1                   2                   3 

1

2

3

4

64,66,70        72,81,64        74,51,65 

65,63,58        57,43,52        47,58,67

59,68,65        66,71,59        58,45,42

58,50,49        57,61,53        53,59,38 
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9.3  Analysis of Variance for Experiments of Two Factors

▪ Testing main effect of rice types (factor A) : 
𝑯𝟎 : Average yields of the three rice types are the same.

SSA = 12(61.3 − ത𝑦∙∙∙ )2 + 12(61.3 − ത𝑦∙∙∙ )2 + 12(54.8 − ത𝑦∙∙∙ )2 = 342.39
⇨ If SSA is close to zero, all sample means for rice are similar.

⇨ Mean squares of factor A : MSA = 
𝑆𝑆𝐴

(3−1)

▪ Testing main effect of fertilizer types (factor B) : 
𝑯𝟎 : Average yields of the four fertilizer types are the same.

SSB=9(67.4 − ത𝑦∙∙∙ )2+9(56.7 − ത𝑦∙∙∙ )2+9(59.2 − ത𝑦∙∙∙ )2+9(53.1 − ത𝑦∙∙∙ )2 =1002.89
⇨ If SSB is close to zero, all sample means for fertilizer are similar.

⇨ Mean squares of factor B : MSB = 
𝑆𝑆𝐵

(4−1)



6

9.3  Analysis of Variance for Experiments of Two Factors

▪ Testing interaction effect of rice types and fertilizers : 
𝑯𝟎 : There is no interaction effect between rice and fertilizer.

SSAB = 3(66.7 − ത𝑦1∙∙ − ത𝑦∙1∙ + ത𝑦∙∙∙ )2+3 (72.3 − ത𝑦1∙∙ − ത𝑦∙2∙ + ത𝑦∙∙∙ )2+3(63.3 − ത𝑦1∙∙ − ത𝑦∙3∙ + ത𝑦∙∙∙ )2

+ 3(62.0 − ത𝑦2∙∙ − ത𝑦∙1∙ + ത𝑦∙∙∙ )2+3 (50.7 − ത𝑦2∙∙ − ത𝑦∙2∙ + ത𝑦∙∙∙ )2+3 (57.3 − ത𝑦2∙∙ − ത𝑦∙3∙ + ത𝑦∙∙∙ )2

+ 3(64.0 − ത𝑦3∙∙ − ത𝑦∙1∙ + ത𝑦∙∙∙ )2+3 (65.3 − ത𝑦3∙∙ − ത𝑦∙2∙ + ത𝑦∙∙∙ )2+3 (48.3 − ത𝑦3∙∙ − ത𝑦∙3∙ + ത𝑦∙∙∙ )2

+ 3(52.3 − ത𝑦4∙∙ − ത𝑦∙1∙ + ത𝑦∙∙∙ )2+3 (57.0 − ത𝑦4∙∙ − ത𝑦∙2∙ + ത𝑦∙∙∙ )2+3 (50.0 − ത𝑦4∙∙ − ത𝑦∙3∙ + ത𝑦∙∙∙ )2

= 588.94

⇨ Mean squares of interaction AB : MSAB = 
𝑆𝑆𝐴𝐵

(3−1)(4−1)

▪ Partition of Total Sum of Squares (SST)

SST = SSA + SSB + SSAB + SSE
⇨ SSE = SST – ( SSA + SSB + SSAB)
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Factor
Sum of 

Squares

Degree of 

freedom

Mean 

Squares
F value p-value

Rice Type 342.3889 2 171.1944 3.0815 0.0644

Feritlizer Type 1002.8889 3 334.2963 6.0173 0.0033

Interaction 588.9444 6 98.1574 1.7668 0.1488

Error 1333.3333 24 55.5556

Total 3267.5556 35

9.3  Analysis of Variance for Experiments of Two Factors
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▪ Statistical model of the two factor experiments:

𝒀𝒊𝒋𝒌= 𝝁 + 𝜶𝒊 + 𝜷𝒋 + 𝜸𝒊𝒋+ 𝝐𝒊𝒋𝒌, 𝒊 = 𝟏, 𝟐, … , 𝒂; 𝒋 = 𝟏, 𝟐, … , 𝒃; k=1,2,…,r

𝝁: total mean

𝜶𝒊: effect of 𝑖𝑡ℎ level of factor A

𝜷𝒋: effect of 𝑗𝑡ℎ level of factor B

𝜸𝒊𝒋: interaction  effect of 𝑖𝑡ℎ level of factor A and 𝑗𝑡ℎ level of factor B

𝝐𝒊𝒋𝒌 ∶ error terms which are independent and follow N(0, 𝜎2) 

9.3  Analysis of Variance for Experiments of Two Factors
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Thank you


