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9.3 Analysis of Variance for Experiments of Two Factors

= If there are two factors (A and B) affecting the response variable,

= two-way analysis of variances.
= frequently used in experiments in engineering, medicine, agriculture.

= Response variable is observed at each combination of two factors.
= repeat at least two experiments at each combination of two factors

= Two-way ANOVA tests:
= test whether population means of each level of factor A are the same

(main effect test of factor A)
= test whether population means of each level of factor B are the same

(main effect test of the factor B)
= test whether effect of factor A is influenced by effect of factor B

(interaction effect test).



9.3 Analysis of Variance for Experiments of Two Factors

[Example 9.3.1] Table 9.3.1 shows the yield of three repeated agricultural experiments for
each combination of four fertilizer levels and three rise types to investigate yield of rice.

Fertilizer Types of rice
1 2 3
1 64,66,70 72,81,64 74,51,65
2 65,63,58 57,43,52 47,58,67
3 59,68,65 66,71,59 58,45,42
4 58,50,49 57,61,53 53,59,38

1) Find the average yield for each combination of fertilizers and rice types.

2) Using "eStats, draw a scatter plot with the rice types (1, 2 and 3) as X-axis and the yield
as Y-axis. Separate the color of the scatter plot's dots by the type of fertilizer. Then, show
the average of the combinations at each level on the scatter plot and connect them with
lines for each type of fertilizer to observe.

3) Test main effects of fertilizers and rice types and test interaction effect of the two factors.

4) Using "eStaty, check the results of the two-way analysis of variance.
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Analysis Var by Group
|3: Yield v | | 1:Fertilizer

for Experiments of Two Factors

Table 9.3.2 Average yield of rice by fertilizers and types of rice (unit kg)

( Selected data: Raw Data )

(Select up to two groups)

Types of Rice (Factor A)

Selectedvar V3 by V2V1, Fertilizer Row Average
Fertiizer Rice | Veld VA V5 (Factor B) 1 2 3

1 i i 64

2 1 1 B6 _ _ _ _

3 1 1 70 1 y].l = 66-7 y12, = 72-3 yla = 633 yl = 67-4

4 1 2 72 —_ — —_ —_

- : 5 Iy 2 Yo. — 62.0 Yoo. = 50.7 Yoz. — 57.3 Yo.. = 56.7

I I 3 Ys. = 640 y3p. =653 yzy. = 483 Y3. = 592

s 1 3 s 4 Ya. = 523 Ygo. = 570 yy5. = 50.0 Yg.. = 53.1

] 1 3 85

10 2 1 & Column - - - -

11 2 1 51 Average Ya. — 61.3 Yo, — 61.3 Y. — 54-8 y...— 59-1

12 2 1 38

13 2 2 57

14 2 2 43

15 2 2 52

16 2 3 47

17 2 3 58

18 2 3 67

19 3 1 59

20 3 1 68

21 3 i 63

22 3 2 B6

23 3 2 71

24 3 2 39

25 3 3 38

Factor A - Factor B Mean Graph
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Level3 (3)
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9.3 Analysis of Variance for Experiments of Two Factors

= Testing main effect of rice types (factor A) :
H, : Average yields of the three rice types are the same.

SSA = 12(61.3 — ¥..)* + 12(61.3 — ¥y..)? + 12(54.8 — y..)* = 342.39
= If SSA is close to zero, all sample means for rice are similar.

=> Mean squares of factor A : MSA = (iﬁ)

» Testing main effect of fertilizer types (factor B) :
H, : Average yields of the four fertilizer types are the same.

SSB=9(67.4 — ¥..)*+9(56.7 — ¥...)*+9(59.2 — ... )*+9(53.1 — ¥..)* =1002.89
= If SSB is close to zero, all sample means for fertilizer are similar.

= Mean squares of factor B : MSB = (iil;




9.3 Analysis of Variance for Experiments of Two Factors

= Testing interaction effect of rice types and fertilizers :
H, : There is no interaction effect between rice and fertilizer.

SSAB = 3(66.7 — ¥;..— V. + ¥..)?+3(72.3 — V1. — Yo + ¥..)2+3(63.3 — y;.. — V3. + ¥..)?
+ 3(62.0 — V.. — V1. + ¥..)?+3 (50.7 — V.. — Yy + ¥..)?+3 (573 — V.. — V3. + .. )?
+ 3(64.0 — y3.. — V... + ¥..)243 (653 — Y3. — Vo. + ¥..)?+3 (483 — y3. — ¥3. + ¥..)?
+ 3(52.3 — J4. — V1. + ¥..)?+3 (57.0 — Yy — Yy + $..)?+3 (50.0 — V,.. — J3. + V.. )?
= 588.94

= Mean squares of interaction AB : MSAB = 2245

(3—1)(4-1)

= Partition of Total Sum of Squares (SST)

SST = SSA + SSB + SSAB + SSE
= SSE = SST - ( SSA + SSB + SSAB)



e for Experiments of Two Factors

(D Testing of the interaction effect on rice and fertilizer

o5AB

_ MSAB _ (3—1)4—1) _
24
Fo o008 = 2.5

Since Fy < Fg .05, We conclude that there is no interaction. The interaction on rice and fertilizer in
<Figure 93.1> 1s so small which 1s not statistically significant and it may due to other kind of random
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e for Experiments of Two Factors

(@ Testing of the main effect on nce types (Factor A)

SSA
MSA (3—1)
F — —_— —_— =
0 MSE SSE 508
24

Foop.00s = 340

Since Fy < Fj94.q05, We cannot reject the null hypothesis that average yields of nce types are the

| same. There is not enough ewvidence statistically that average yields are different depending on rnce types.
The calculated p-value of F; =3.08 using "eStats is 0.0644.



ance for Experiments of Two Factors

@ Testing of the main effect on fertilizer types (Factor B)

oobB

_ MSAB _ (4—-1)
F, = WSE SoR = 602
24
Fa,zq;ums = 3.01

Since Fy > Fj94.005 We reject the null hypothesis that average yields of fertilizer types are the same.

There 1s enough evidence statistically that average yields are different depending on fertilizer types. Since
there 1s no Interaction effect by 1), we can conclude that fertiizer 1 produces more yeelds than other
fertilizer. The calculated p-value of F =6.02 using "eStats is 0.0033.



nalysis of Variance for Experiments of Two Factors

/

P Total

Sum of Degree of Mean
Factor F value p—value
Squares freedom Squares
Rice Type 342.3889 2 171.1944 3.0815 0.0644
Feritlizer Type 1002.8889 3 334.2963 6.0173 0.0033
Interaction 588.9444 6 98.1574 1.7668 0.1488
Error 1333.3333 24 55.5556
3267.5556 35
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nalysis of Variance for Experiments of Two Factors

= Statistical model of the two factor experiments:
Yiig= u+ a;+ Bj+vijt+€jr, i=12,..,a;j=12,..,b; k=1,2,...,r
w: total mean
a;: effect of it" level of factor A
B;: effect of j'"* level of factor B

Yij: interaction effect of it level of factor A and j" level of factor B

€iji * error terms which are independent and follow N(O, ?)
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riance for Experiments of Two Factors

* The total sum of squared distances from each observation to the total mean Y can b

partitioned as the following sum of squares similar to the one way analysis of variance.

Total sum of squares: SST = EZE( Y )? - degree of freedom: n—1
=1j=1k=

Fator A sum of squares: SSA = brz( Y, — Y )? - degree of freedom a—1
i=1

b — —
Factor B sum of squares: SSB = arE :( Y_ﬁ— If’m)2 - degree of freedom: b—1
i=1

Y, —?}+?__)2 - degree of freedom:
(a—1)(b—1)

Error sum of squares: SSE = S‘TT ik Yﬁ)z - degree of freedom: n—ab
i=1j=1k=1

B -

a b
Interaction sum of squares: SSAB = rZZ(ﬂj_—
i=1j=1




Table 9.3.4 Two way analysis of variance table

Sum of Degree of Mean Squares F value
Factor
Squares Freedom
Factor A | SSA a-1 MSA = SSA/(a-1) F, = MSA/MSE
Factor B SSB b-1 MSB = SSB/(b-1) F, = MSB/MSE
Interaction | SSAB (a-1)b-1)  MSAB = SSAB/((a-1)(b-1)) F, = MSAB/MSE
Error SSE n-ab MSE = SSE/(n-ab)

Total
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or Experiments of Two Factors

1) F Test for the interaction effect:

% : T{,j =0,i=12,-.a: j= 1121'"3b
If F; =MSAB/MSE > Flu—1)3-1), n—ab;a then reject Hy

2) F Test for the main effect of factor A:

Hﬁ:a1=02= - =ad=0
If £} = MSA/MSE > F{,—1) n—ub.a then reject Hj

3) F Test for the main effect of factor B:

'E&I :ﬁ1=ﬁz= R =ﬁﬁ=0
If F, =MSB/MSE > Fj_1 a0 then reject H
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