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12.2 Simple Linear Regression Analysis

▪ Regression analysis is a statistical method 

- establishes a mathematical model of relationships between variables,

- estimates model using measured values of the variables, 

- uses estimated model to describe the relationship between variables,

or to apply it to the analysis such as forecasting. 

▪ Mathematical model ⇨ regression equation

▪ Variable affected by other variables is called a dependent variable. 

⇨ response variable 

▪ Variables that affect dependent variable are called independent variables. 

⇨  explanatory variable
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▪ Population Regression Model   𝒀𝒊 = 𝜶 + 𝜷 𝑿𝒊 + 𝝐𝒊 , 𝒊 = 𝟏, 𝟐, … , 𝒏

Estimated Regression Equation ෡𝒀𝒊 = 𝒂 + 𝒃 𝑿𝒊

Residuals 𝒆𝒊 = 𝒀𝒊 - ෡𝒀𝒊

▪ Method of Least Squares Method

A method of estimating regression coefficients so that total sum
of the squared errors occurring in each observation is minimized. 

Find 𝜶 and 𝜷 which minimize   σ𝒊=𝟏
𝒏 𝝐𝒊

𝟐 = σ𝒊=𝟏
𝒏 (𝒀𝒊 − 𝜶 − 𝜷 𝑿𝒊)

𝟐

▪ Least Square Estimator of 𝜶 and 𝜷

𝒃 =
σ𝒊=𝟏

𝒏 (𝑿𝒊 − ഥ𝑿)(𝒀𝒊 − ഥ𝒀)

σ𝒊=𝟏
𝒏 (𝑿𝒊 − ഥ𝑿)𝟐

𝒂 = ഥ𝒀 − 𝒃 ഥ𝑿

12.2 Simple Linear Regression Analysis
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[Example 12.2.1] In [Example 12.1.1], find the 
least squares estimate of the slope and 
intercept if the sales amount is a dependent 
variable and the advertising cost is an 
independent variable. 
• Predict amount of sales when you have 

spent on advertising by 10.
<Answer>

𝒃 =
σ𝒊=𝟏

𝒏 (𝑿𝒊 − ഥ𝑿)(𝒀𝒊 − ഥ𝒀)

σ𝒊=𝟏
𝒏 (𝑿𝒊 − ഥ𝑿)𝟐 =

𝟏𝟓𝟏.𝟐

𝟔𝟎.𝟒
= 2.503

𝒂 = ത𝑌 − 𝑏 ഥ𝑋 = 49.7 – 2.503 × 8.4 = 28.672
• Forecasting

28.671 + 2.503 × 10 = 53.705

12.2 Simple Linear Regression Analysis
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12.2.3  Goodness of Fit for Regression Line

▪ Residual standard error 𝒔 is a measure of the extent to which observations 
are scattered around the estimated line.

𝒔𝟐 =
𝟏

𝒏−𝟐
σ𝒊=𝟏

𝒏 (𝒀𝒊 − ෡𝒀𝒊)
𝟐

The residual standard error 𝒔 is defined as the square root of 𝒔𝟐 .

▪ SST = SSE + SSR

𝑺𝑺𝑻 = σ𝒊=𝟏
𝒏 (𝒀𝒊 − ഥ𝒀)𝟐 𝒅𝒇 𝒏 − 𝟏

𝑺𝑺𝑬 = σ𝒊=𝟏
𝒏 (𝒀𝒊 − ෡𝒀𝒊)

𝟐 𝒅𝒇 𝒏 − 𝟐 𝑹𝟐 =
𝑺𝑺𝑹

𝑺𝑺𝑻

𝑺𝑺𝑹 = σ𝒊=𝟏
𝒏 (෡𝒀𝒊 − ഥ𝒀)𝟐 𝒅𝒇 𝟏

12.2 Simple Linear Regression Analysis
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[Example 12.2.2] Calculate 
the value of the residual 
standard error and the 
coefficient of determination 
in the data on advertising 
costs and sales.

<Answer>
෠𝐘𝐢 = 28.672 + 2.503 𝐗𝐢

𝒔𝟐 =
𝟏

𝒏−𝟐
σ𝒊=𝟏

𝒏 (𝒀𝒊 − ෡𝒀𝒊)
𝟐

=
𝟏𝟕.𝟔𝟐𝟐

(𝟏𝟎−𝟐)
= 2.203

𝑹𝟐 =
𝑺𝑺𝑹

𝑺𝑺𝑻
=

𝟑𝟕𝟖.𝟒𝟐𝟗

𝟑𝟗𝟔.𝟏
= 0.956

12.2 Simple Linear Regression Analysis

𝑿𝐢 𝒀𝐢
෡𝐘𝐢

SST
σ(𝒀𝒊 − ഥ𝒀)𝟐

SSR
σ(෡𝒀𝒊 − ഥ𝒀)𝟐

SSE
σ(𝒀𝒊 − ෡𝒀𝒊)

𝟐

1
2
3
4
5
6
7
8
9
10

4
6
6
8
8
9
9
10
12
12

39
42
45
47
50
50
52
55
57
60

38.639
43.645
43.645
48.651
48.651
51.154
51.154
53.657
58.663
58.663

114.49
59.29
22.09
7.29 
0.09 
0.09 
5.29 
28.09
53.29
106.09

122.346
36.663
36.663
1.100 
1.100 
2.114 
2.114 
15.658
80.335
80.335

0.130
2.706
1.836
2.726
1.820
1.332
0.716
1.804
2.766
1.788

Sum 84 497 496.522 396.1 378.429 17.622

Average 8.4 49.7
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<Answer of Example 12.2.2>

12.2 Simple Linear Regression Analysis
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[Example 12.2.3]

12.2 Simple Linear Regression Analysis



10

❑ Inference for the parameter 𝜷

• Point estimate:   𝒃 =
σ𝒊=𝟏

𝒏 (𝑿𝒊 − ഥ𝑿)(𝒀𝒊 − ഥ𝒀)

σ𝒊=𝟏
𝒏 (𝑿𝒊 − ഥ𝑿)𝟐 ~ 𝑵(𝜷,

𝝈𝟐

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐)

• Standard error of estimate 𝒃:   𝑺𝑬 𝒃 =
𝒔

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐

• Confidence interval of 𝜷: 𝒃 ± 𝒕𝒏−𝟐; 𝜶/𝟐 × 𝑺𝑬 𝒃

• Testing hypothesis:
Null hypothesis: 𝑯𝟎 :  𝜷 = 𝜷𝟎

Test statistic:      𝒕 =
𝒃 −𝜷𝟎

𝑺𝑬 𝒃

1) 𝑯𝟏 : 𝜷 < 𝜷𝟎 Reject 𝑯𝟎 if 𝒕 < - 𝒕𝒏−𝟐; 𝜶

2) 𝑯𝟏 : 𝜷 > 𝜷𝟎 Reject 𝑯𝟎 if 𝒕 > 𝒕𝒏−𝟐; 𝜶

3) 𝑯𝟏 : 𝜷 ≠ 𝜷𝟎 Reject 𝑯𝟎 if | 𝒕 | > 𝒕𝒏−𝟐; 𝜶/𝟐

12.2 Simple Linear Regression Analysis
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❑ Inference for the parameter 𝜶

• Point estimate:   𝒂 = ഥ𝒀 − 𝒃 ഥ𝑿 ~ 𝑵(𝜶, (
𝟏

𝒏
+

ഥ𝑿𝟐

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐 )𝝈𝟐)

• Standard error of estimate 𝒂:   𝑺𝑬 𝒂 = 𝒔
𝟏

𝒏
+

ഥ𝑿𝟐

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐

• Confidence interval of 𝜷: 𝒂 ± 𝒕𝒏−𝟐; 𝜶/𝟐 × 𝑺𝑬 𝒂

• Testing hypothesis:
Null hypothesis: 𝑯𝟎 : 𝜶 = 𝜶𝟎

Test statistic:      𝒕 =
𝒂 −𝜶𝟎

𝑺𝑬 𝒂

1) 𝑯𝟏 : 𝜶 < 𝜶𝟎 Reject 𝑯𝟎 if 𝒕 < - 𝒕𝒏−𝟐; 𝜶

2) 𝑯𝟏 : 𝜶 > 𝜶𝟎 Reject 𝑯𝟎 if 𝒕 > 𝒕𝒏−𝟐; 𝜶

3) 𝑯𝟏 : 𝜶 ≠ 𝜶𝟎 Reject 𝑯𝟎 if | 𝒕 | > 𝒕𝒏−𝟐; 𝜶/𝟐

12.2 Simple Linear Regression Analysis
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❑ Inference for the average value  𝝁𝒀|𝒙 = 𝜶 + 𝜷 𝑿𝟎

• Point estimate:   ෡𝒀𝟎 = 𝒂 + 𝒃𝑿𝟎

• Standard error of estimate ෡𝒀𝟎:   𝑺𝑬 ෡𝒀𝟎 = 𝒔
𝟏

𝒏
+

(𝑿𝟎 − 𝑿)𝟐

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐

• Confidence interval of  𝝁𝒀|𝒙: ෡𝒀𝟎 ± 𝒕𝒏−𝟐; 𝜶/𝟐 × 𝑺𝑬 ෡𝒀𝟎

12.2 Simple Linear Regression Analysis
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[Example 12.2.4] 
1) Inference for 𝜷

• 𝒃 = 𝟐. 𝟓𝟎𝟑𝟑𝟑

𝑺𝑬 𝒃 =
𝒔

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐

=
𝟏.𝟒𝟖𝟒

𝟔𝟎.𝟒
= 0.1908

• Confidence interval of 𝜷: 𝒃 ± 𝒕𝒏−𝟐; 𝜶/𝟐 × 𝑺𝑬 𝒃

2.5033 ± 3.833 × 𝟎. 𝟏𝟗𝟎𝟖 ⇔ (1.7720,3.2346)

• Test statistic for 𝑯𝟎 :  𝜷 = 0 𝑯𝟏 : 𝜷 ≠ 0

Reject 𝑯𝟎 if | 𝒕 | > 𝒕𝒏−𝟐; 𝜶/𝟐

𝒕 =
𝒃 −𝜷𝟎

𝑺𝑬 𝒃
=

𝟐.𝟓𝟎𝟑𝟑 −𝟎

𝟎.𝟏𝟗𝟎𝟖
= 13.22

Since 𝒕𝟖; 𝟎.𝟎𝟐𝟓 = 3.833, 𝑯𝟎 is rejected.

12.2 Simple Linear Regression Analysis
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[Example 12.2.4] 
2) Inference for 𝜶

• 𝒂 = 𝟐𝟗. 𝟔𝟕𝟐

𝑺𝑬 𝒂 = 𝒔
𝟏

𝒏
+

ഥ𝑿𝟐

σ𝒊=𝟏
𝒏 𝑿𝒊 − ഥ𝑿 𝟐 = 𝟏. 𝟒𝟖𝟒

𝟏

𝟏𝟎
+

𝟖.𝟒𝟐

𝟔𝟎.𝟒
= 1.670

• Test statistic for 𝑯𝟎 : 𝜶 = 0 𝑯𝟏 :  𝜶 ≠ 0

Reject 𝑯𝟎 if | 𝒕 | > 𝒕𝒏−𝟐; 𝜶/𝟐

𝒕 = 𝒕 =
𝒂 −𝜶𝟎

𝑺𝑬 𝒂
=

𝟐𝟗.𝟔𝟕𝟐 −𝟎

𝟏.𝟔𝟕𝟎
= 17.1657

Since 𝒕𝟖; 𝟎.𝟎𝟐𝟓 = 3.833, 𝑯𝟎 is rejected.

3) Confidence interval of  𝝁𝒀|𝒙: ෡𝒀𝟎 ± 𝒕𝒏−𝟐; 𝜶/𝟐 × 𝑺𝑬 ෡𝒀𝟎

if x= 8, ෡𝒀𝟎 = 49.699,   ⇨   49.699 ± 3.833 × 0.475   

12.2 Simple Linear Regression Analysis
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<Answer of Example 12.2.4> 

12.2 Simple Linear Regression Analysis
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[Example 12.2.5] Residual Analysis 

12.2 Simple Linear Regression Analysis
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▪ Simulation of Regression Analysis in eStatU

12.2 Simple Linear Regression Analysis
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Thank you


