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[Example 12.3.1] When logging 
trees in forest areas, it is 
necessary to investigate the 
amount of timber in those 
areas. Since it is difficult to 
measure the volume of a tree 
directly, we can think of ways 
to estimate the volume using 
the diameter and height of a 
tree that is relatively easy to 
measure. Draw a scatter plot 
matrix of this data and 
consider a regression model 
for this problem. 

Diameter(cm)  Height(m) Volume   

21.0      21.33      0.291
21.8      19.81      0.291
22.3      19.20      0.288
26.6      21.94      0.464
27.1      24.68      0.532
27.4      25.29      0.557
27.9      20.11      0.441
27.9      22.86      0.515
29.7      21.03      0.603
32.7      22.55      0.628
32.7      25.90      0.956
33.7      26.21      0.775
34.7      21.64      0.727
35.0      19.50     0.704
40.6      21.94      1.084

12.3 Multiple Linear Regression Analysis
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12.3 Multiple Linear Regression Analysis

▪ Population Regression Model   
𝑌𝑖 = 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 + ⋯ ++𝛽𝑘𝑋𝑘 + 𝜀𝑖 , 𝑖 = 1,2,… , 𝑛

𝒀 = 𝑿 𝜷 + 𝝐

𝒀 =

𝑌1
𝑌2
⋮
𝑌𝑛

𝑿 =

1
1
⋮
1

𝑋11
𝑋21
⋮

𝑋𝑛1

𝑋12
𝑋22
⋮

𝑋𝑛2

𝑋1𝑘
𝑋2𝑘
⋮

𝑋𝑛𝑘

𝜷=

𝛽0
𝛽1
⋮
𝛽𝑘

𝜺 =

𝜀1
𝜀2
⋮
𝜀𝑛
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12.3 Multiple Linear Regression Analysis

▪ Method of Least Squares Method

A method of estimating regression coefficients so that total sum
of the squared errors occurring in each observation is minimized. 

Find 𝜶 and 𝜷 which minimize  
σ𝒊=𝟏
𝒏 𝝐𝒊

𝟐 = 𝜺′𝜺 = (𝒀 − 𝑿 𝜷)′(𝒀 − 𝑿 𝜷)

▪ Least Square Estimator of 𝜶 and 𝜷
𝒃 = (𝑿′𝑿)−𝟏(𝑿′𝒀)

▪ Residuals 𝑒𝑖 = 𝑌𝑖 - ෠𝑌𝑖 = 𝑌𝑖 - 𝑏0 + 𝑏1𝑋𝑖1 + 𝑏2𝑋𝑖2 + ⋯ ++𝑏𝑘𝑋𝑖𝑘

Residual standard error 𝒔

𝒔 =
𝟏

𝒏−𝒌−𝟏
σ𝒊=𝟏
𝒏 (𝒀𝒊 − ෡𝒀𝒊)

𝟐
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▪ Analysis of Variance for Multiple Linear Regression

12.3 Multiple Linear Regression Analysis

Source
Sum of     Degrees of          Mean Squares             F value 

Squares     Freedom

Regression

Error

SSR              𝒌 MSR=SSR / 𝒌 𝑭𝟎=
𝑴𝑺𝑹

𝑴𝑺𝑬

SSE         𝐧 − 𝒌 − 𝟏 MSE=SSE/ (𝐧 − 𝒌 − 𝟏)

Total SST            𝒏 − 𝟏

▪ 𝑯𝟎 ∶ 𝛽1 = 𝛽2 = ⋯ = 𝛽𝑘 = 0
𝑯𝟏 ∶ At least one of k number of 𝛽𝑖

′𝑠 is not equal to 0 
▪ Reject 𝑯𝟎 if 𝑭𝟎 > 𝑭𝒌,𝒏−𝒌−𝟏; 𝜶
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❑ Inference for the parameter  𝛽𝒊

• Point estimate:   𝑏𝒊

• Standard error of estimate 𝑏𝒊:   𝑺𝑬 𝑏𝒊 = 𝒄𝒊𝒊 𝒔

• Confidence interval of 𝑏𝒊: 𝑏𝒊 ± 𝒕𝒏−𝒌−𝟏; 𝜶/𝟐 × 𝑺𝑬 𝑏𝒊

• Testing hypothesis:
Null hypothesis: 𝑯𝟎 : 𝛽𝑖 = 𝛽𝑖0

Test statistic:      𝒕 =
𝑏𝒊−𝜷𝒊𝟎

𝑺𝑬 𝑏𝒊

1) 𝑯𝟏 : 𝛽𝑖 < 𝛽𝑖0 Reject 𝑯𝟎 if 𝒕 < - 𝒕𝒏−𝒌−𝟏; 𝜶
2) 𝑯𝟏 : 𝛽𝑖> 𝛽𝑖0 Reject 𝑯𝟎 if 𝒕 > 𝒕𝒏−𝒌−𝟏; 𝜶
3) 𝑯𝟏 : 𝛽𝑖≠ 𝛽𝑖0 Reject 𝑯𝟎 if | 𝒕 | > 𝒕𝒏−𝒌−𝟏; 𝜶/𝟐

12.3 Multiple Linear Regression Analysis
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[Example 12.3.2] 
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[Example 12.3.2] 
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Thank you


