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SECTIONS CHAPTER OBJECTIVES

Estimation of population parameters using

7.1 Testing Hypothesis f Populati
S gl YPoRESIS (o FOpLATon sample distributions was discussed in

Mean

Chapter 6.
7.2 Testing Hypothesis for a Population However, one might be interested in which
Variance one of two hypothesis about the population
parameter is reasonable to accept.
7.3 Testing Hypothesis for a Population This problem is called a testing hypothesis
Proportion and we take samples and calculate the
] o sample statistics to decide by using the
7.4 Testing Hypothesis with a and S sampling distributions discussed in Chapter 6.

simultaneously
7.4.1 Type 2 Error and Power of a Test
7.4.2 Testing Hypothesis with a and g

In this chapter we discuss the testing
hypothesis of the population mean,
population variance and population

7.5 Application of Testing Hypothesis: proportion.

Acceptance Sampling A method of testing hypothesis which
considers both type 1 and type 2 error is
also introduced.
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7.1 Testing Hypothesis for a Population Mean

* Examples of testing hypothesis for a population mean are as follows:

- The weight of a cookie bag is indicated as 200g. Would there be enough
cookies as the indicated weight?

- At a light bulb factory, a newly developed light bulb advertises a longer bulb
life than the past one. Is this propaganda reliable?

- Immediately after completing this year's academic test, students said that there
will be 5 points increase in the average English score higher than last year.
How can you investigate if this is true?

* Testing hypothesis is the answer to the above questions (hypothesis). That is, the
testing hypothesis is to decide statistically which hypothesis is to use for the two
hypotheses about the unknown population parameter using samples. In this
section, we examine the test of the population mean, population variance, and
population proportion which are most commonly used in testing hypothesis.

* The following example explains the theory of testing hypothesis of the population
mean in single population.

Example 7.1.1 At a light bulb factory, the average life expectancy of a light bulb made by a
conventional production method is known to be 1500 hours and the standard deviation
is 200 hours. Recently, the company is trying to introduce a new production method,
with the average life expectancy of 1600 hours for light bulbs. To confirm this
argument, 30 samples were taken from the new type of light bulbs by simple random
sampling and the sample mean was z = 1555 hours. Can you tell me that the new
type of light bulb has the average life of 1600 hours?

Answer | ¢ A statistical approach to the question of this issue is first to make two assumptions
about the different arguments for the population mean . Namely,

Hy po= 1500  H: p o= 1600

¢ Hj is called a null hypothesis and /| is an alternative hypothesis. In most cases,
the null hypothesis is defined as an ‘existing known fact’, and the alternative
hypothesis is defined as ‘new facts or changes in current beliefs’. So when choosing
between two hypotheses, the basic idea of testing hypothesis is 'unless there is a
significant reason, we accept the null hypothesis (current fact) without choosing the
alternative hypothesis (the fact of the matter). This idea of testing hypothesis is
referred to as a ‘conservative decision making’.

¢ A common sense criterion for choosing between two hypotheses would be 'which
population mean of two hypothesis is closer in distance to the sample mean'. Based
on this common sense criteria which uses the concept of distance, the sample
mean of 1555 is closer to H;: p = 1600 so the alternative hypothesis will be

chosen. A statistical testing hypothesis is based not only on this common sense

criteria, but also on the sampling distribution of X. In other words, the statistical
testing hypothesis is to select a critical value C based on the sampling distribution
theory and to make a decision rule as follows:

If X is smaller than C, then the null hypothesis H, will be chosen, else reject H’
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Example 7.1.1
Answer
(continued)

*

*

The area of {j( < C} is called an acceptance region of /, and the area {j( > C}
is called a rejection region of 74, (<Figure 7.1.1>).

Population Distribution
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Acceptance Region Rejection Reaion

<Figure 7.1.1> Acceptance and
rejection region of Hj

If a hypothesis is chosen by this decision rule, there are always two possible errors
in the decision. One is a Type 1 Error which accepts H, when FH, is true, the

other is a Type 2 Error which accept /, when H, is true. These errors can be
summarized as Table 7.1.1.

Table 7.1.1 Two types of errors in testing hypothesis
Actual
H is true H, is true
Decision:  H, is true Correct Type 2 Error
H, is true Type 1 Error Correct

If you try to reduce one type of error when the sample size is fixed, then the
other type of error is increasing. That is why we came up with a conservative
decision making method that defines the null hypothesis 7/, as 'past or present
facts' and 'accept the null hypothesis unless there is a significance evidence for the
alternative hypothesis.' In this conservative way, we try to reduce the type 1 error
as much as possible that selects A, when H is true, which would be more risky
than the type 2 error. Testing hypothesis determines the tolerance for the
probability of the type 1 error, usually 5% or 1% for rigorous test, and use the
selection criteria that satisfy this limitation. The tolerance for the probability that
this type 1 error will occur is called the significance level and is often expressed as
«. The probability of the type 2 error is expressed as (3 .

If the significance level is established, the decision rule for the two hypotheses can
be tested using the sampling distribution of all possible sample means in Chapter 6.
<Figure 7.1.2> shows the distribution of populations for two hypotheses, and the
distribution of all possible sample means for each population.

Population
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J," \\f Distribution of

*b:‘ —— Sample Means

Acceptance Rejection
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<Figure 7.1.2> Testing Hypothesis
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Example 7.1.1
Answer
(continued)

¢ If the population corresponds to the distribution of A, : p = 1500, the sampling
distribution of all possible sample means is approximated as N(1500, 200>/30) by the
central limit theorem. If the population corresponds to the distribution of A, : p =
1600, the sampling distribution of all possible sample means is approximated as
N(1600, 200%/30). The standard deviation for each population is assumed to be 200
from a historical data. Then the decision rule becomes as follows:

f X < C, then accept H,, else accept H, (i.e. reject H,)

In Figure 7.1.2, the shaded area represents the probability of the type 1 error. If
we set the significance level, which is the tolerance level of the type 1 error, is

5%, i.e. P(X’ < () = 095 C can be calculated by finding the percentile of the
normal distribution (1500, 200%/30) as follows:

1500—&-1.645& = 1560.06

V30

Therefore, the decision rule can be written as follows:
If X < 1560.06, then accept H,, else reject H, (accept H,).

¢ In this problem, the observed sample mean of the random variable X is x= 1555
and H, is accepted. In other words, the hypothesis of H, : p = 1500 is judged

to be correct, which contradicts the result of common sense criteria that T = 1555
is closer to H, : pu = 1600 than A, : p = 1500. This result can be interpreted
that the sample mean of 1555 is not a sufficient evidence to reject the null
hypothesis by a conservative decision making method.

¢ The above decision rule is often written as follows, emphasizing that it is the result
from a conservative decision making method.

FoX < 1560.06, then do not reject H,, else reject H,.

In addition, this decision rule can be written for calculation purpose as follows:

X— 1500

‘If 500 < 1.645, then accept H,, else reject H,.
V30
In this case, since T = 1555, %;01500 = 1.506 and it is less than 1.645.
V30

Therefore, we accept H,.

Since the testing hypothesis by the conservative decision making is only based on
the probability of the type 1 error as seen in [Example 7.1.1], even if the
alternative hypothesis is H, : p > 1500, we will have the same decision rule.
Generally, there are three types of alternative hypothesis in the testing hypothesis
for the population mean as follows:

0N H e > 2) H @ p o< opy 3 H p F

Since 1) has the rejection region on the right side of the sampling distribution of
all possible sample means under the null hypothesis, it is called a right-sided test.
Since 2) has the rejection region on the left side of the sampling distribution, it
is called a left-sided test. Since 3) has rejection regions on both sides of the
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Decision rule
using p-value

sampling distribution, it is called a two-sided test. The decision rule for each type
of three alternative hypothesis are summarized in Table 7.1.2 when the population
standard deviation is known and « is the significance level.

Table 7.1.2 Testing hypothesis for the population mean - known o case

Type of Hypothesis Decision Rule
. X — u
) Hy == 1y If AL S z, > then reject H,
(o
H oo > Vn
C = X - p
2) Hy : p = py If TO < —z,, then reject H,
H op < gy Vn
C o, = X - p
3) Hy i p Ho If — 1 > 24/2 o then reject H
g
H :p = \/g

Note: The H, of 1) can be written as H,: p < p, 2) as Hy: p = p,

The following expression used for the decision rule is referred to as a test
statistic for testing hypothesis of the population mean.

X — Ho
o

Vn

The population standard deviation o of the test statistic is usually unknown.
However, if the sample is large enough (approximately 30 or more), the
hypothesis test can be performed using the sample standard deviation S instead
of the population standard deviation o.

In [Example 7.1.1], if the sample mean is either 1555 or 1540, the null hypothesis
can not be rejected, but degrees of evidence that the null hypothesis is not
rejected are different. The degree of evidence that the null hypothesis is not
rejected is measured by calculating the probability of the type 1 error when the
observed sample mean value is considered as the critical value for decision, which
is called the p-value. That is, the p-value indicates where the observed sample
mean is located among all possible sample means by considering the location of
the alternative hypothesis. In [Example 7.1.1], the p-value for X = 1540 is the
probability of sample means which is greater than X = 1540 by using
N(1500, 200%/30). The higher the p-value, the stronger the reason for not being
rejected. If H, is rejected, the smaller the p-value, the stronger the grounds for
being rejected. Therefore, if the p-value is less than the significance level
considered by the analyst, then H, is rejected, because it means that the sample
mean is in the rejection region. Statistical packages provide this p-value.

Decision rule using p-value

If the p-value is less than the significance level, then H, is rejected, else
H, is accepted.
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The calculation of the p-value depending on the type of the alternative hypothesis
is summarized as in Table 7.1.3.

Table 7.1.3 Calculation of p-value

Type of Hypothesis p-value
1) H : p = — _
P(X > =z,,)
H owop > py
2) Hy : p = py = —
P(X < $ub5)
H osop <opyg
3) Hy : p = p _ — _ — _
’ ’ If 24, >pn, , 20X > z,,) else 2PAX < =z,,)
H o:opo =

Note : =, is the observed sample mean.

If the population standard deviation o is unknown and the population is a normal
distribution, the test statistic

}_No
S
Vn

is a t distribution with (n-1) degrees of freedom. The testing hypothesis for the
population mean can be done as Table 7.1.4 which replace the Z distribution with
the t distribution in Table 7.1.2 and o with S.

Table 7.1.4 Testing hypothesis for a population mean - unknown o case
(Assume that the population is a normal distribution)

Type of Hypothesis Decision Rule
L X -5
) H = p =g If TO > t, .. reject H,
H oo > vn
o X - p
2) Hy : p = py If TO —1,_1.o Teject H,
Heoop < py Vn
. X —
3) Hy : p = py If Tﬂ y_1.0/2 TEJECE H)
H o:op = py \/5

Note: The H, of 1) can be written as H,: p < p, 2) as Hy: p = g,

If the sample size is large enough (approximately 30 or more), the t distribution
is approximated to the standard normal distribution, so the testing hypothesis in
Table 7.1.4 can be performed using the standard normal distribution, Z, instead of
t distribution.
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Example 7.1.2

The weight of a bag of cookies is supposed to be 250 grams. Suppose the weight of
all bags of cookies is a normal distribution. In the survey of 100 samples of bags
which were randomly selected, the sample mean was 253 grams and the standard
deviation was 10 grams.

1) Test hypothesis whether the weight of the bag of cookies is 250g or larger and find
the p-value. a = 1%

2) Test hypothesis whether or not the weight of the bag of cookies is 250g and find
the p-value. a = 1%

3) Use [eStatU; to test the hypothesis above.

Answer

1) The hypothesis is a right tail test as A;: p = 250, H;: p > 250. Since the sample

size is large (n=100), we can use Z distribution instead of ¢ distribution. Decision
rule is as follows:

(X — Ho)/(%) > z,, then reject H, else accept A’
10

v/ 100

Since (253-250) / (10/10) = 3 and z,, = 2.326, H, is rejected. We can write the
above decision rule as follows:

If (253 — 250)/( ) > .01, then reject A, else accept A’

— 10
f X > 250+2.326(
V100

If X > 252.326, then reject H,, else accept H,’

), then reject A, else accept H’

¢ Since the p-value is the probability of Type 1 error when the sample mean is the
critical value. it can be calculated by the probability of P(X > 253). Since the

= 1
distribution of X is approximately N(250, %) when Hj: p = 250 is true, the

p-value is as follows:
p-value = P(j( > 253) = P(Z > (253-250)/(10/110)) = P(Z > 3) = 0.0013

2) The hypothesis is a two-sided test as H: p = 250, H;: p F 250. Since the

sample size is large (n=100), we can use the Z distribution instead of the ¢
distribution. Decision rule is as follows:

‘If % >z, then reject H, else accept H'
Vi

‘If 2531770250 > zp005, then reject Hj, else accept H’
V100

Since (253-250) / (10/10) = 3 and z,qy; = 2.575, H, is rejected. The p-value can
be calculated as follows:

pvalue = 2P(X > 253) = 2P(Z > (253-50)/(10110)) = 2P(Z > 3) = 0.0026

3) In TeStatU; menu, select 'Testing Hypothesis u', enter 250 at the box of Mo on
[Hypothesis] and select the alternative hypothesis as the right test in the window
shown in <Figure 7.1.3>. Check [Test Type] as Z test and check the significance
level at 5%. At the [Sample Statistics], enter sample size 100, sample mean 253,
and sample variance 10> =100. For the Z test, you must enter the population
variance, but you may enter the sample variance, because the sample size is large
enough.
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Example 7.1.2

Answer Testing Hypothesis p
(continued) [Hypothesis] H,:u=uy, | 250 |
Oyiuzu, ®Hyp>u OHpiu<u,
[Test Typel © trest ®Ztest o= 100 |

Significance Level o= ® 5% O 1%

[Sample Data] Inpur either sample data using BSV or sample staristics ar the next boxes
\ |

[Sample Statistics]
Sample Size no= | 100 | 1)

Sample Mean % = 253

Sample Variance @ =
[Confidence Interval]

I oz Zgo fo/Vm) = [ 251040 , 254960 |]

<Figure 7.1.3> TfeStatU; Testing Hypothes for p

* |If you click the [Execute] button, the confidence Interval for p is calculated and the

testing result using TeStatU; will appear as in <Figure 7.1.4>.

He: 4 = 25008, Ha p > 250.00
q TFestStath = 4 - p) 7 (57 Sqrtin) } ~ NG}

TTastitat] = 1000
pvaiie = 00013
{Pacision] Redect He

<Figure 7.1.4> TeStatU; Testing Hypothes for 1
- Right Tail Test -

¢ If you select the two-tail test at [Hypothesis] of <Figure 7.1.3>, testing result using

FeStatU, is as <Figure 7.1.5>.

Heo 3 = 25008, Ho o # 25000
= Treststat = (n - o) / (5 7 sqrtim) } ~ NEBAY

Rejoct Wy -» <1960 < Acept i > 19680 <

Tesiitat] = 350
pvalue = 00027

acision] Rajedt th

<Figure 7.1.5> leStatU; Testing Hypothes for
- Two Tails Test -
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Example 7.1.3

When the sample size is 16 and the sample variance is 100 in [Example 7.1.2], test
whether the average weight of the cookie bags is 250g or greater and obtain the
p-value. Check the result using TeStatU;

Answer

¢ Since the population standard deviation is unknown and the sample size is small,
the decision rule is as follows:

If (X — Mo)/(%) > t, 1., then reject H,, else accept H,’
10

If (253 — 250)/(W) >t 1.00 then reject A, else accept H,’
Since the value of test statistic is (253 — 250)/(l) = 1.2, and
V16
L5001 =2.602, we accept H,. Note that the decision rule can be written as

follows:
i*f X > 250+2.602(£), then reject 77, else accept A’
V16

¢ In <Figure 7.1.3> of TeStatU; , select the right-sided test of [Hypothesis], select the
t-test on [Test Type] and enter sample size n = 16, then the test result is as
<Figure 7.1.6> if you click the [Execute] button.

Hoo 4 = 25060, How > 25000
_ MMest$tat] = (B - g0d 7 (S 7 sqrtind ) ~ w15} Diswibution

[Tesiitey = 1700
prvalen = 01244
Padslon} Acsept Ha

<Figure 7.1.6> Testing hypothesis for p with t distribution
using TeStatU;

¢ Since the p-value is the probability that ¢,; is greater than the test statistics 1.200,
the p-value is 0.124 by using the module of t-distribution in TeStatU; .

Example 7.1.4

(Heights of college students)

10 male students are sampled in a university and examined their heights as follows:

172 175 178 182 176 180 169 185 173 177 (Unit cm)
[] = eBook => EX070104_Height.csv.

Test the hypothesis whether the population mean is 175cm or greater with the
significance level of 5%.
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Example 7.1.4 | « After entering data on a sheet as shown in <Figure 7.1.7> in TeStat; , clicking the

Answer testing hypothesis for the population mean and then clicking variable name V1
for 'Analysis Var' in variable selection box will result in a dot graph with 95%
confidence interval as in <Figure 7.1.8>.

Height Testing Hypothesio Population Mean
retll

File [EX070104_Heignt.csv A
Analysis Var by Grou

1: Height v

( Selected data: Raw Data No Group
SelectedVar| V1

Height V2 V3 V4

1 172 F=1TRA

2 175 ==

3 178

4 182

5 176

8 180

7 169

3 185

9 173 v s e sepw L) [ s
10 177 s e b 78 e rE & L% g rEE

<Figure 7.1.7> Data et

input

<Figure 7.1.8> Dot graph and confidence interval

¢ If you click [Histogram] button from option menu below the graph as in <Figure
7.1.9>, the corresponding histogram is appeared as in <Figure 7.1.10>. The
histogram together with the normal distribution graph can be used to check
whether the sample data comes from a normal distribution. The options such as
[Normal Q-Q Plot] and [Normality Test] will be explained in chapter 11.

_Conﬂdence Interval Graph _H<5togram ! Normal Q-Q Plot | _Normality Test

Hy:u=uy, 175 ® Hp:uzug, Hyp:u=u, Hyrp<u,

Significance Level a = '® 5% ') 1% Confidence Level '® 05% | 09%

® 1test Ztest 0= (if Z test, enter 5) \ ttest_(;_)J | S!Qned Rank Sum Test_,

<Figure 7.1.9> Options for testing hypothesis of population mean

Probabiiity Hitonram and Nownal Distribution

11630 Dav=dly
AN GIRET (ST TSR WL TRE TNA VNI OO DRIG UG 1R SRR WD TR RS A

Haight

<Figure 7.1.10> Histogram and Normal Distribution
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Exmaple 7.1.4

Answer

(continued)

*

*

Enter p, = 175 at the box of option menu, select the right sided test and the
significance level of 5%. Then press the [t-Test] button to display the hypothesis
test graph as shown in <Figure 7.1.11> and a test result in the Log Area as in
<Figure 7.1.12>.

Haight Tasting Hypothesis Populstion Maan

ot w = e, Hu g o i, o = TZ500
- Meststat] = (8 - p} £ (844 0 ) ~ 69} Distritartion

[Taststat} = 1.418
prugize = GAGES

<Figure 7.1.11> Testing hypothesis for population mean

Testing
Hypothesis: Analysis Var Height
Population Mean

Population Mean
Statisties Observation Mean Std Dev std err 95% Confidence
Interval
10 176700 4.809 1527 173260, 180.140)
Miszing Observations ]
Hypothesis
Ho:H =Hp Ha [TestSiat] tvalue p-value
Hytp# g 1750 || sample mean 1318 02025

<Figure 7.1.12> Testing hypothesis for population mean

You can select Z-test in the option menu, but you have to enter the population
standard deviation o in this case.

[Practice 7.1.1]

The following data are weights of the 7 employees randomly selected who are working
in the shipping department of a wholesale food company.

154, 186, 159, 174, 183, 163, 181 (unit pound)
[-] = eBook = PR070101_Height.csv.

Based on this data, can you say that the average weight of employees working in the
shipping department is 160 or greater than 160? Use the significance level of 5%.
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7.2 Testing

The testing hypothesis of the population mean using the sample variance requires
the assumption that the population is normally distributed. Testing whether sample
data come from a normal population is called a goodness of fit test which will
be explained in Chapter 11.

In this section, we looked at the testing hypothesis for the population mean
when the sample size is already given and only the significance level of the type
1 error is considered. In this case, if we try to reduce the probability of the type
1 error, then the probability of the type 2 error will be increased and we can
not reduce both types of errors at the same time. Therefore, if the sample size
was predetermined, or if data were given, only the type 1 error was considered
as a conservative decision making to test the hypothesis. However, if the sample
size can be selected by a researcher, there is a testing hypothesis that considers
both types of errors together which will be explained in detail in section 7.4.

Hypothesis for a Population Variance

Examples for testing hypothesis of a population variance are as follows:

- Bolts produced by a company are currently supplied to an automaker and have
an average diameter of 7mm and a variance of 0.25mm. Recently, a rival
company has applied for the supply, claiming that their company's bolts have
the same average diameter of 7 mm but a variance of 0.16mm. How can |
find out if this claim is true?

- The variance of scores in mathematics on the last year's college scholastic
aptitude test was 100. This year’s questions in mathematics test are said to be
much easier than last year's. How can | test whether the variance of the
mathematics score in this year is smaller than the last year?

If you understand the testing hypothesis for the population mean, the testing
hypothesis for the population variance differs only from the sampling distribution
and the test statistic, but the basic concept is the same. In Chapter 6, we
studied that the distribution of all possible sample variances multiplied by a
constant, (n—1)5%/¢% follows a chi-square distribution with n-1 degrees of
freedom when the population is a normal distribution with variance o®. Using this
theory, testing hypothesis for the population variance can be done as follows:

Table 7.2.1 Testing hypothesis of the population variance
- the population is normally distributed -

Type of Hypothesis Decision Rule

1) H,: o> = ol —1)5? ; .

) o s If % > x2_,., , then reject H,, else accept H,
H 0o > o0, o '

2) Hy: o* = o’ —1)5? .

) 02 002 If % <x’_,.,_. , then reject H,, else accept H,
H o <o, o '

. -1)5° ‘ -1)s°

3) Hy: o° = o} If (n-1)$° 2) > X2 g OF =18 2) < Xi 1i1_ap » then

H ol = o %0 90
! 0 reject H,, else accept H,

Note: In 1) the null hypothesis can be written as #,: o° < o>, in 2) Hy: o> > o
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Example 7.2.1

One company produces bolts for an automobile. If the average diameter of bolts is
15mm and its variance is less than or equal to 0.102, it can be delivered to the
automobile company. Twenty-five of the most recent products were randomly sampled

and their variance was 0.15%. Assuming that the diameter of a bolt follows a normal
distribution,

1) Conduct testing hypothesis at the 5% significance level to determine if the product
can be delivered to the automotive company.
2) Check the result using TeStatU;

Example 7.2.1
Answer

1) The hypothesis of this problem is H: o < 0.1° H,: o? > 0.1% and its decision

rule is as follows:

—1)52 \
‘I % > ngflza , then reject A, else accept H’
0

Note that s* = 0.157 =0.0225, (25-1)x0.15°/0.1° = 54 and X35_1.005 = Xo1:005=
36.42. Therefore, H) is rejected.

2) Select ‘Testing Hypothesis o’

in TeStatU; . Enter U% = 0.1220.01, select the right
sided test and the 5% significance level as <Figure 7.2.1> in the input box. Then

enter the sample size n = 25 and sample variance s? =0.15% = 0.0225.

Testing Hypothesis o2

[Hypothesis] H,:¢’=¢,° | 001 |(>0)
H]'nir—agj ® H; ol‘»aog 1-1'1.':J:<-c)'uj
[Test Type] j° test
Significance Level a = © 5% 1%
[Sample Data] Iinput either sample data using BSV or sample statistics at the next boxes

[Sample Statistics]

Sample Size no= 25 (>1)
Sample Variance 57 = 0.0225 (>0
[Confidence Interval]
(-DS?/ Pt iorm, -DSP/ P00 1en) & (| 004 | , [ o0ss |)

Execute

<Figure 7.2.1> Testing hypothesis for o using TeStatU,

¢ |If you click the [Execute] button, the confidence interval of o?

testing result will be shown as <Figure 7.2.2>.

is calculated and

He o* e G071, Hoe o? > 801
Tastbtat} = {n - 3} $* 7008 ~ X3{24) Distribution

[TestSiet] = GA000
pvaiug = 000GE

Macision] Redest He

<Figure 7.2.2> Testing hypothesis for o>
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Example 7.2.2

(Heights of college students)
Using TeStat; and the height data of 10 male college students in [Example 7.1.4],

172 175 178 182 176 180 169 185 173 177,
[] = eBook => EX070104_Height.csv.

test the hypothesis whether the population variance than 25 at the

significance level of 5%.

is greater

Answer

¢ After entering data as shown in <Figure 7.2.3> on the sheet in TeStat; , click the
icon of testing hypothesis for variance, E\, and select ‘Height’ as the Analysis Var
to display a dot graph of data with (average) =+ (standard deviation) interval as
in<Figure 7.2.4>.

Height Mean - Standard Devistion Graph

File |[EX070104_Heightcsv |
AnalysisVar by Groy, wm
1: Height v| - ftst

( Selected data: Raw Dats No Group
Se\ecfed\/ar!\”

Height V2 V&) V4

1 172

2 175 - ReTRT)

3 178

4 182

5 176

6 180

7 169

8 185 ® s esape o @ ®

E= w ke 5 Wk w
9 173
Height

177

<Figure 7.2.3>
FeStat; data input

<Figure 7.2.4> Dot graph and (Mean) *+
(Std Dev) for Testing hypothesis of &°

¢ In the option box under the Graph Area (<Figure 7.2.5>), enter aﬁ = 25, and select

the alternative hypothesis as right-sided test, significance level as 5%. By clicking

[)(2 test] button, the result of the testing hypothesis will be shown as <Figure
7.2.6> and the result table as <Figure 7.2.7>.

Confidence Interval Graph Histogram Normal Q-Q Plot Normality Test

2 > ) 2 2 2
Hy:o %0, @IH;i o >0, Hp:o <ag5

% Confidence Level '® 93% 99%

Hg.‘a'}:ag: 25

Significance Level o= ® 3% | ¥ test

<Figure 7.2.5> Option menu for testing hypothesis of o2

Height Testing Hypothesis: Population Variance

b 0% = R , ME OF > goF, 0% = 2500
Ere Testsret] = (7 - 1] & £ Gt ~ }KB) Distribusion

{Tesitat] = BI24
prvakie = G501%

<Figure 7.2.6> Testing hypothesis for o>
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Example 7.2.2
Answer
(continued)

Testing
HypOthe:SIS: Analysis Var Height
Population
Variance
Population
IR e ; Variance
Statistics Observation Mean Std Dev std err 95% Confidence
Interval
10 176.700 4809 1.521 (10.940, 77.063)
Missing 0
Observations
Hypothesis
Chis
e g2 = g2 2 . 1 q et
Hg: 0= = oy ag [TestStat] s p-value
" (n-1) 82
Hyto? > o gage | WU 8.324 05019
ok
<Figure 7.2.7> Testing hypothesis for o°

It is necessary to assume that the population is normally distributed to test the
hypothesis of the population variance. Testing whether the population is normally
distributed using sample data is called a goodness of fit test which will be
discussed in Chapter 11. You may test the normality approximately by using a
histogram with a normal distribution which can be drawn from the option box in
<Figure 7.2.5>. In addition, [Normal Q-Q Plot] can be used to test the normality.

[Practice 7.2.1]

If the variance of the diameter of a metal washer product is less than 0.05%, then the
production process is under control. 21 samples were randomly selected from the
assembly line and its variance is 0.062. According to this data, is the assembly process
out of control with the significance level of 0.05?

7.3 Testing

Hypothesis for a Population Proportion

Consider the following examples for testing hypothesis of the population
proportion.

- Will the approval rating of a particular candidate exceed 50 percent in this
year's presidential election?

- The unemployment rate was 7 percent last year. Has this year's unemployment
rate increased?

- 10,000 car accessories are imported by ship, of which 2 percent was defective
according to the past experience. Is the defective product 2% this time again?

When the sample size is large enough, the sampling distribution of all possible
sample proportions (p) is approximated to a normal distribution with the mean of
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population proportion (p) and the variance of p(1—p)/n. Therefore, the testing
hypothesis for the population proportion is similar to the testing hypothesis for
the population mean as Table 7.3.1. If np > 5 and n(1—p) > 5, it is usually
considered as a large sample.

Table 7.3.1 Testing hypothesis for population proportion
- large sample case such as np, > 5, n(1—p,) > 5

Type of Hypothesis Decision Rule
1) Hl'] : p :p() I,;ip()
H : p>p, If ———== > z, , then reject H, else accept H),
po(lfpo)/n
2) Hy : p=np, p—p
H : p <p, f ———— < -z, , then reject H), else accept H
Po(l—p())/n
3) Hy : p=p 5_p
H :p=p, |If S . — z,/2 » then reject H,, else accept H,
po(l—po)/n

Note: The null hypothesis in 1) can be written as A, : p < p, and in 2)as H, : p = p,

Example 7.3.1 | A survey was conducted last month for the election of a national assembly member.
According to the survey of the last month, the approval rating of a particular candidate
was 60 percent. In order to see if there is a change in the approval rating, a sample
survey of 100 people has been conducted and 55 people supported it.

1) Test whether the current approval rating for a particular candidate is changed
comparing with the one of last month of 60%. Use 5% significance level.
2) Check the result using TeStatU; .

Answer | 1) The hypothesis of this problem is H,: p=0.6, H,: p=0.6. Since np, = 60,

n(lfpo) = 40, it can be considered as a large sample and the decision rule is as
follows:

P—Dy

—— (> 2z, , reject H,, else accept H,'
/2 0 0
pO(l po)/n @

a2

Since p = 55/100 = 0.55,

‘ 0.55—0.6

0.6(1—0.6)/100 ‘: | =1.005[=1.005, Zyg5, = 2025 = 196

Hence, H, is accepted.

2) Select ‘Testing Hypothesis p’ at TeStatU; menu. Enter p, =0.6, select the two sided
test and the 5% significance level as <Figure 7.3.1> in the input box window. Then

enter the sample size n = 100, and the sample proportion ]3=0.55. If you click
the [Execute] button, the confidence interval of p is calculated and testing result
will be shown as in <Figure 7.3.2>.
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Example 7.3.1
Answer
(continued)

Testing Hypothesis p | Menu

[Hypothesis] 06 0<p,<1

Hi:p<p,

Hy:p=po
© Hy:p#p, “Hiip>p,
[Test Type] Z test
Significance Level a = © 5%
[Sample Data]
Sample Size

1%

100
0.55

no=
Sample Proportion p = 0<p<l

Execute

[Confidence Interval]

p ot w2 V(pdpim) = (| 0452 0648 |)

<Figure 7.3.1> Data input for testing hypothesis of p
using TeStatU;

Ho: poe= 080, Har p ¢ 060
5 [FeatBtats = @ - po3 £ {4 {SI-E/N ) ) ~ NG}

-z s 8 Z 2 H

Rejest My -> -1.960 - At Hlo -> 1080 <- Rejast Mo

[TestStad] = 1005
Fryalue = 03145

Backion] Acsapt He

<Figure 7.3.2> Testing hypothesis for p
using TeStatU,

[Practice 7.3.1]
3

A university wants to build a parking lot for students. School authorities think more
than 20 percent of students go to school by car. 100 students were randomly selected
and 18 of them said that they go to school by car. Test at the significance level of
0.05 whether the school authorities' thinking is correct.

7.4 Testing

If the sample size is small, the testing hypothesis for population proportion uses
the binomial distribution and it will be explained in the Sign Test in Chapter 10.

Hypothesis with o and B simultaneously

Since the testing hypothesis we have learned so far is a conservative decision
making method, we first decide a critical value that reduces the probability of the
type 1 error « (the error that rejects the null hypothesis even though it is true).
This decision rule is intended to keep the null hypothesis unless there is a
sufficient evidence of the alternative hypothesis which is a new fact or risky.
Thus, the probability of the type 2 error 8 was not considered at all in the
decision rule. However, sometimes it is unclear which one should be the null
hypothesis and which one should be the alternative hypothesis. Depending on the
problem, both types of errors are important and should be considered
simultaneously. If the analyst can determine the sample size, a testing hypothesis
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that takes into account both « and 3 can be performed.

7.4.1 Type 2 Error and Power of a Test

* Consider the following example to find out how to calculate the probability of the
type 2 error .

Example 7.4.1 | For the testing hypothesis of [Example 7.1.1], calculate the probability of the type 2
error 3 if the significance level is 5%. Check this result using TeStatU; .

Answer | * The hypothesis in [Example 7.1.1] is H,: p=1500, H, : p=1600, the population
standard deviation is assumed o = 200, the sample size is n=30 and hence the
decision rule is as follows if the significance level is 5%.

If X > 1500 + (1.645)ﬂ

V30

¢ Hence, the type 2 error which is the probability of ‘A, is true when H, is true’
can be calculated as follows:

= 1560.06, reject A, else accept H,’

B = P(X < 156006 | H, is true)
P ((X-1600)/(200/ /30') < (1560.06-1600)/(200/ v/30) )
P(Z < -1.09) = 0.137

¢ Select ‘Testing u - C, 3 at TeStatU; menu. Enter 1y =1500, p; =1600,
=200, a«=0.05, n=230 in the input box window as <Figure 7.4.1> and click the
[Execute] button. The result of the testing hypothesis, the critical value C' and the
probability of the type 2 error (3, will be shown as in <Figure 7.4.2>.

Testing Hypothesis p- C, p
[Hypothesis]| H,:u=u, | 150 | Hy:pu=u; | 1600

Population Standard Deviation o =| 200
Sample Size n= 30
Type 1 Error a=| 0050 |

. ' 3
4 —
: | Execute | C= 1560.06 p= 0137

<Figure 7.4.1> Testln% hypothesis for p with
« using "eStatU,

Testing Hypothesis: Population Mean

. Hor g = 150600 i 3w 160000 g = 0000

NEESOOER 3651 N{160A00 36515

- qa Q950 1-fu 9.%:3\
S X i  sample med

N
BuO137 | a= 0650

Accapt He Fgject He
C = 158006
L]

<Figure 7.4.2> Calculation of 8 and power using feStatU;
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Example 7.4.2

In [Example 7.1.1], if the null hypothesis is not changed, but the alternative hypothesis
is changed as follows:

H, : p=1500, H, : p=1580

1) Calculate the probability of the type 2 error (3 if the significance level is 5%.
2) Check this result using eStatU; .

Answer

1) Although the alternative hypothesis has been changed to /H, : p=1580, the

decision rule will not be changed in case of the conservative decision making,
because the alternative hypothesis is the same type of A, : p > 1500.

If X < 1500 + (1.645)& = 1560.06, reject I, else accept H’

V30

+ Hence, the probability of type 2 error is as follows:

B = P(X < 1560.06 | H, is true)
P( (X-1580)/(200/1/30) < (1560.06-1580)/(200/1/30) )
P(Z < -0.546) = 0.293

2) In order to calculate 3 using eStatU; , enter p, =1580 in <Figure 7.4.1> and click
the [Execute] button.

[Practice 7.4.1]

Calculate the followings using TeStatU; .

1) If Hy, : p=50, H : p=52, mn =25 0=3,a-=005 find 3.
2) If Hy : p=50, H : p=54, n =25 0=3, a =001 find 3.
3) If Hy : =50, H : p=56, mn =25 0=5 a=005 find 3.

Comparing [Example 7.4.1] and [Example 7.4.2], the probability of the type 2 error
occurring when H, : ;5 =1600 is less than that of A : p=1580, so the ability
to judge is greater. In other words, the closer the population mean of A is to
the population mean of H,, the less discriminating ability it becomes.

Generally, the discriminating ability of two hypothesis is compared by using the
following power of a test.

Power = 1 - (Probability of the type 2 error) = 1 - 3

A large power increases the discriminating ability of the hypothesis test.

The power of a test can be obtained for any pu, of the alternative hypothesis
H,: p=yp,. It means that the power is a function over the value of p;, and it is
called a power function.

A function of the probability that the null hypothesis is correct when the null
hypothesis is true is called an operating characteristic function.

Operating characteristic function = 1 - (Probability of the type 1 error) = 1 - «
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Example 7.4.3

In [Example 7.1.1], calculate the power of the following alternative hypothesis. Use «

Answer

0.05. By using this, approximate the power function.
1) H : p = 1500 2) H : p = 1510 3) H : p = 1520
4) H : p = 1530 5) H : p = 1540 6) H : p = 1550
7) H : p = 1560 8) H : p = 1570 9) H : p = 1580
10) H; : p = 1590 11) H, : p = 1600 12) H, : p = 1610
+ Although the alternative hypotheses are different, the decision rule is the same as
follows:
m = 200 . ,
If X <1500 + (1'645)W = 1560.06, then accept H,, else reject H,

Hence, if we calculate the probability of the type 2 error as [Example 7.4.2], the
power of each test is as follows:

Alternative Hypothesis I6} Power = 1 -
1) H : p = 1500 0.95 0.05
2) H :p = 1510 0.91 0.09
3) H : p = 1520 0.86 0.14
4) H : p = 1530 0.79 0.21
5) H : p = 1540 0.71 0.29
6) H : p = 1550 0.61 0.39
7) H : p = 1560 0.50 0.50
8) H : p = 1570 0.39 0.61
9) H : p = 1580 0.29 0.71
10) H, : p = 1590 0.21 0.79
1) H : p = 1600 0.14 0.86
12) H : p = 1610 0.09 0.91

*

The power function can be approximated by connecting points of (u, 1 - () in

each test as <Figure 7.4.3>.

r
[

o

L L L L L L L L
1475 1600 15E5 1550 1676 1600 16E5 1650

<Figure 7.4.3> Power function of [Example 7.4.1]

In case of a two sided test, the power function is a V-shaped, because the type
2 error may appear on either side of the null hypothesis. If the V-shaped valley
is deep, it is generally considered to have highly discriminating ability against the
null hypotheses.
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[Practice 7.4.2] | it Hy : £=50, n =25 0 =5 a = 0.05 calculate the power of the following
p alternative hypothesis. By using this, approximate the power function.

53
56

1) H : p =051 2) H :p =52 3) H :p
4 H, : p =54 5) H :p =255 6) H :

7.4.2 Testing Hypothesis with a and B

e |f the sample size is not predetermined and the analyst can determine it, the
testing hypothesis can be performed with the desired level of o« and 3 as
following example.

Consider the testing hypothesis on the bulb life such as H;: p=1500,
H, : p=1570. Find the sample size n and the decision rule which satisfies o of 5%

and [ of 10%. Assume that the population standard deviation o is 200 hours. Check
the result using TeStatUj .

Example 7.4.4

¢ Let n be the sample size and C be the critical value of a decision rule. The
Answer probability of the type 1 error « and the probability of the type 2 error (3 are
defined as follows:

a= PAX>C | His true)

g =PX< C | H istue)

200°

n

¢ If H, is true, the sampling distribution of X is N(1500, ) and if H, is true,

— 2 2
the sampling distribution of X is N(1570,%). If « = 0.05 and 8 = 0.10, then

Zogs = 1.645 and z,4, = -1.280. Hence, m and C should satisfy both of the

following equations and they can be calculated by solving the two system of
equations.

C = 1500 + 1.645 x (200/v/n)
C = 1570 - 1.280 x (200/ v/n )

The solution is n = 69.8, C' = 1539.4. i.e., the sample size is 70 approximately and
the decision rule is as follows:

If X > 15394, then reject H), else accept H

¢ Select ‘Testing p - C, n’ at TeStatU; menu. Enter to =1500, p, =1570,
a=0.05, 4=0.10 in the input box window as <Figure 7.4.4>.

Testing Hypothesis p- C, n
[Hypothesis] Hy:u=u, | 1500 | Hj:p=p; [ 1570
Population Standard Deviation o =| 200 |
Type 1 Error a=| 0050 |
Type 2 Error p=| 0100 |
| Execute | C= 153935 n= 699

<Figure 7.4.4> Testing hypothesis for p with
«, [ using TeStatU,
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Example 7.4.4 | * If you click the [Execute] button, you will see the test result of feStatU; as in

Answer <Figure 7.4.5>. The critical value C' and the sample size n are calculated.

(continued) : — i )
Execute | uy Mo i HoTie

Testing Hypothesis: Population Mean

- He: g = 1500.00 Hi: g = 1570.00 o = 200.00

N(1500.00,2392%)  N(1570.00 ,23.92%)

T T T T T |SEI'I'ID|E meg
1420 1440 1480 1480 1,500 71320 1340 1,560 1580 1600 1620 1,640 1,880
B=0100 | a= 0050
Accept Ho Reject Ho

C = 153935
n=70

a 001 | 0.50 ﬁ 0.01 | .50

<Figure 7.4.5> Testing hypothesis for 1 with «, 3 using TeStatU;

[Practice 7.4.3]
[E7 ekt ]

If Hy: p=>50, H: pu=52, 0 =3, a =005 @ =0.10, find n using [eStatU, .

7.5 Application of Testing Hypothesis: Sample Inspection

* The testing hypothesis studied in this chapter can be applied to the quality
control, especially in a sample inspection. The sample inspection refers to
predicting the quality of the entire lot of products by selecting only a few
samples because it is impossible or difficult to inspect the entire lot of products.
The conclusion obtained from the sample inspection is to determine whether the
lot is ‘acceptable’ as satisfactory quality or ‘rejected’. Therefore, It is also called
an acceptance sampling.

* When the quality characteristics of each product selected from one lot can be
measured in quantitative variable such as weight or length, the sample inspection
is called an acceptance sampling by variable. This sample inspection determines
whether a lot is pass or fail based on the average of the quality characteristic
values of samples selected from the lot which is similar to a hypothesis testing. If
the quality of each product selected from the lot can only be measured as good
or defective, the sample inspection is called an acceptance sampling by attribute.
The acceptance sampling by variable is only explained in this book. Please refer
other references for the acceptance sampling by attribute.
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* The acceptance sampling by variable can be divided into two cases: when the
standard deviation of the quality characteristic value for the products in the lot is
known, and when the standard deviation is not known.

7.5.1 Acceptance Sampling by Variable: Case of Known Lot -

e Assume that the quality characteristic values of all products are normally
distributed and their standard deviation, o, is known. Assumption of the known o
is practically impossible, but it means that we have sufficient prior knowledge
about o or we are able to make a relatively accurate estimate of o.

* In acceptance sampling by variable, there is a case that only a minimum
specification limit, Z, of the quality characteristic value exists to determine
whether the product is defective, a case that only a maximum specification limit,
U exists, or a case that both Z and U exist. The following example shows the
acceptance sampling by variable in case of the minimum specification limit L
only.
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Example 7.5.1

(Case of lower specification limit 1)
Assume that the tension of the wire string produced by a steel company is normally
distributed based on past experience and the variance is 30, that is, the standard
deviation is o = \/% = 5.48. If the wire tension of one roll is less than 87, it
cannot be used for the desired work and is judged as a defective product. That is, the
lower specification limit is Z = 87. Inspecting an entire lot containing many rolls of
wire rope is impossible because the products can be destroyed. Therefore, a sample of
rolls is selected from the lot, and if the defective rate of the sample is estimated to
be 1%, the lot is accepted, and if the defective rate is estimated to be 5%, the lot is
rejected.

What should be the sample size and decision criteria? However, note that the
decision criteria should satisfy the producer risk probability of rejecting a good lot, o =

1%, and the consumer risk probability of rejecting a bad lot, B = 10%.

Example 7.5.1
Answer

¢ Assume that the quality characteristic value is the random variable X which follows

a normal distribution with the mean of p, for an accepted lot and the variance of

o is 30. Since the lower specification limit is L = 87, the probability that the

characteristic value is less than 87 is 1% can be represented as P(X < 87) = 0.01.
Using the standardization of the normal random variable X, Z, it can also be
written as follows.

87
P(Z<

V30

Therefore, according to the standard normal distribution table, (87—u(])/\/30

should be —2.33. That is, ;40:87—%-2.33\/%:99.7684 which is the population
mean of an accepted lot.

¢ In a similar way, the characteristic values of a rejected lot follows a normal
distribution with the mean of p; and the variance of 30. The probability that the
characteristic value is less than 87 is 5% can be represented as P(X < 87) = 0.05.
Using the standardization of the normal random variable X, it can also be written
as follows.

) =0.01

87
P(Z<

V30

Therefore, (87—p,)/v/30 should be —-1.645 and = 96.0146 which is the
population mean of a rejected lot.

¢ The problem of selecting a sample from a lot to decide whether accepting the lot
or rejecting the lot is the same as the testing hypotheses about the two population
means as follows.

) =0.05

Hy: p= 997684  H,: p= 96.0146

¢ For this testing hypothesis, the sample size and decision criteria are determined by
using the probability of type 1 error (rejecting a good lot: producer risk), «, and
the probability of type 2 error (accepting a bad lot: consumer risk), 3. (Refer to
Section 7.4 ‘Hypothesis test with @ and 35  simultaneously’).

¢ This hypothesis test is based on the distribution of sample means in Chapter 5. If
the population is a normal distribution with a mean of 99.7684 and a variance of
30, the distribution of the sample mean of size n is N(99.7684, 30/n), and if the
population is a normal distribution with a mean of 96.0146 and a variance of 30,
the distribution of the sample mean is /N(96.0146, 30/n). Therefore, the problem
is to determine the decision criteria and the sample size based on the probability
of rejecting a good lot as a = 1% and the probability of accepting a bad lot as 3
= 10%, as shown in <Figure 7.5.1>, based on the distribution of the sample mean.
The goal is to find C and n.
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Example 7.5.1
Answer

*

Teating Hypothesin: Population Mean

_ Mo peBiot Pty = ORTT a4l

H{EBIY,4.04% BRI L0

[Figure 7.5.1] Testing Hypothesis to determine C, n using « and
B

a = 1% means that the probability that a sample mean z is smaller than C in a
normal distribution N(99.7684, 30/n) as shown in <Figure 7.5.1>, that is,

Plz< C)=0.01. Using the standardization of the normal random variable X, it
can also be written as follows.

C—99.7684
30

n

P(Z< ) =0.01

Therefore, based on the standard normal distribution table, it satisfies the following
equation.

C—99.7684

=—233
[30
n

Similarly, (£=10% means that a sample mean z s larger than C in a normal

distribution N(96.0146, 30/n), that is, P(z> C)=0.10. Using the standardization
of the normal random variable X, it can also be written as follows.

C'—96.0146
[30
n
Therefore, based on the standard normal distribution table, it satisfies the following
equation.

P(Z> ) =0.10

C—96.0146
[30
n

If we solve the above two equations with respective to Cand 1, the sample size

=1.28

is, n = 27.77, critical value is, C = 97.3457. Hence, the decision rule becomes as
follows. Select a sample of size 28 and calculate its sample mean and

‘If the sample mean X< 97.3457, then reject the lot, else accept the lot.’
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7.5.2 Acceptance Sampling by Variable: Case of Unknown Lot o+

When the standard deviation of quality characteristic value of a lot, o, is not
known, the sample inspection method is essentially the same as when o is
known, except that an estimate of o is used. If the standard deviation o is not
known, samples are commonly inspected by using Part B in the U.S. Department
of Defense Military Standard Sampling Procedures and Tables for Inspection by
Variables (MIL-STD-414). This table assumes that the quality characteristic values
are normally distributed. There are four parts as follows, and the inspection
procedure is explained in each part.

Part A: General information regarding sample inspection.

Part B: Sample inspection, standard deviation method when the standard deviation
of the lot o is unknown

Part C: Sample inspection, range method when the standard deviation of the lot
o is unknown

Part D: Sample inspection when the standard deviation of the lot o is known

There are five inspection levels of MIL-STD-414, 1, IlI, 1, IV, and V, depending on
the price of the product or the time required for inspection. The general
inspection level is IV. MIL-STD-414 specifies the sample size and the maximum
allowable defective rate M of the sample for the lot to pass, given the lot size,
quality acceptance level of the entire lot, and inspection level.

The detailed information of MIL-STD-414 is so extensive and it is omitted in this
book. Anyone interested should refer to the references.
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71

7.2

7.3

74

75

7.6

Exercise

Assume that the distribution of a population is a normal distribution with the standard deviation of
50. The sample mean of 25 samples randomly selected from the population is 70. Test the
hypothesis A, : n=100 H, :p = 100 with the significance level of 0.01 and obtain the p-value.

A bolt manufacturer claims that the average of bolt length is 4.5 cm, the standard deviation is
0.020 cm and it is normally distributed. When 16 samples were taken randomly, the sample mean
was 4.512. Can you say that the actual average length of the bolt is different from that of the
manufacturer's claim? Assume that the significance level is 0.01.

The amount of water needed in the process of producing a compound with distilled water added
to any component in a fixed amount depends on the purity of the component. In the
manufacturer's experience, the water requirement for a normal production is 6 liters and the
standard deviation is 1 liter. A sample mean from samples of nine products was 7 liters. Can
products be considered as a normal production at the significance level of 0.05?

A psychologist is working on physically disabled workers. Based on the past experience, the
psychologist believed that the average social (relationship) score of these disabled workers was
greater than 80. Twenty employees were sampled from the score population to obtain the
following result:

99, 69, 91, 97, 70, 99, 72, 74, 74, 76,
96, 97, 68, 71, 99, 78, 76, 78, 83, 66.

The psychologist wants to know if the average social score of the population is right. Assume that
the population follows a normal distribution and its standard deviation is 10. Test with the
significance level of 0.05.

The following is the weights of the 10 employees randomly selected who are working in the
shipping department of a wholesale food company.

154, 154, 186, 243, 159, 174, 183, 163, 192, 181 (unit pound)

Based on this data, can you say that the average weight of employees working in the shipping
department is greater than 160 pound? Use the significance level of 5%.

A company that makes tar on a roof wants an average of less than 3 percent of impurities. By
sampling 30 barrels of tar, can this data suggest that the population mean is less than 3% when
the proportion of impurities is as follows? Use the significance level of 5%.

331105 22454 53131
41142 53111 07515332

7.7 In a large manufacturer, the manager of the company claims that the average adaptation score of

all unskilled workers is greater than 60. In order to check this claim, 40 unskilled workers were
randomly selected and their test scores of adaptation scores were as follows:

73 57 96 78 74 42 55 44 91 91 50 65 46 63 82 60 97 79 85 79
92 50 42 46 86 81 81 83 64 76 40 57 78 66 84 96 94 70 70 81

If the population variance is 280, test the hypothesis at the significance level of 0.05 whether the
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manager's argument is correct. What is the p-value?

7.8 Existing tires of a company have an average life span of 54,000 km and a standard deviation of
10,000 km. Two researchers conducted a performance test for new tires independently. The first
researcher tested 25 tires and obtained an average life span of 48,000 km, while the second
researcher tested 100 to get 50,000 km. Which test result gives more reliable statistical evidence
that the average life span of a new tire is less than the existing one? Assume that the standard
deviation has not changed.

7.9 Suppose n = 100 and o = 8.4 are given to test the hypothesis H, : ©=75.0, H : p<75.0.

1) If the null hypothesis is rejected when the sample mean is less than 73.0, what is
the probability of the type 1 error?

2) If we test the alternative hypothesis A, : x> 75.0 and the decision rule is the
same as above, what is the probability of the type 1 error?

7.10 A random variable follows a normal distribution N(:, 4). Test the hypothesis A, : n = 0 with the

significance level of 0.10 if n = 25 and = = 0.28. Does the 90% confidence interval include ;. =
07?

7.11 A sample of size 21 was randomly taken from a population that follows the normal distribution and
its sample variance was 10. Test the null hypothesis 7, : o* = 15 and the alternative hypothesis
H, : o> # 15 with the significance level of 0.05.

7.12 If the variance of diameters of metal washer products is less than 0.00005%, then the production
process is under control. 31 samples were randomly selected from the assembly line and its
variance is 0.000061>. According to this data, is the assembly process out of control with the
significance level of 0.05? What assumptions do you need to get an answer?

7.13 For a manufacturer to make a product, the variance of tensile strength of the synthetic fiber must
be less than or equal to five. When 25 samples are randomly selected from the new shipment and
the variance is seven. Does this data provide sufficient evidence for the manufacturer to reject the
shipment? Assume the significance level of 0.05 and that the tensile strength of the fiber follows
approximately a normal distribution.

7.14 In a process of filling the container, the average weight is set to 8g and the variance of the weight
shall be o = 4g to satisfy the given tolerances. 25 container samples were randomly selected and
its standard deviation was 2.8g.

1) If the weight is assumed to follow a normal distribution, is the population variance
greater than the prescribed value o°? Test at the significance level of 0.01.

2) What is the range of sample variances that can not be rejected? Are these values
symmetrical to the prescribed value of 2g? Why is that?

7.15 A university wants to build a student parking lot. School authorities think more than 20 percent of
students go to school by car. 250 students are randomly selected and 65 of them said that they
go to school by car. Test at the significance level of 0.05 whether the school authorities' thinking
is correct.

7.16 The accountant of a company thinks that more than 20% of the statement of expenses includes
at least one mistake. 400 statements of expenses were randomly selected and found at least one
mistake in 100 statements. Test whether the accountant's belief is correct with the significance
level of 0.05.
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7.17 A researcher met 200 office workers of a company who changed their job last year. Thirty of them
stated that they changed their work, because they could not expect for promotion. Can you say
that less than 20% of the employees were changed their job, because of their promotion? The
significance level is 0.05.

7.18 A statistician threw coins 24,000 times, with 12012 front and 11988 back. Does this data support
the null hypothesis that there is 0.5 chance that the front face will appear? Test at the significance
level of 0.05.

7.19 A high school student made dice from wood. It doesn't look like a cube, so it's not one-sixth of
a chance of six at the top. | rolled the dice 18,000 times and got 3,126 of six at the top.

1) Determine whether these 3126 occurrences are statistically significant by obtaining
the p-value.

2) Since it is too much to demand that a hand-made dice have an exact one-sixth
chance of producing six, we decided to allow the error of 0.01 chance to be a
fair dice. Using the above sample experiment, obtain a confidence interval for the
probability of a 6 and determine whether it is acceptable to be viewed as a fair
dice (Note: It is difficult to distinguish between the statistical significance and the
practical significance by relying solely on testing hypothesis.)

** Obtain a power function for each of the following situations and draw a graph:
720 H, : p=51, H, : p<51, n =25 o0 =3, a=0.05

7.21 Hy : p=516, H : p>516, n = 16, o = 32, oo = 0.05.
722 H - pu=3, H : p=3, n =100, 0 =1, o = 0.05.

723 H . p=425 H : u>425, n =81, 0= 18, a = 001.

7.24 On question 7.21, find n, C and the decision rule when 3 = 0.10 and g, 520.

7.25 On question 7.23, find n, C and the decision rule when (3 = 0.05 and p, = 4.52.
7.26 On question 7.23, find n, C and the decision rule when (3 = 0.03 and x4, = 5.

7.27 The standard deviation of the resistance of a wire made by a factory is known to be 0.02 ohms.
An electronics company has decided not to buy the wire if there is sufficient evidence that the
average resistance of the wire is greater than 0.4 ohms. The company's management adheres to
the policy of the significance level « =0.05 and the sample size n =100 in statistical tests.

Describe the proper null and alternative hypothesis.
Describe the type 1 and type 2 errors.

Obtain the rejection region of the test.

Draw the power function and operating characteristic curve.

~— — ~— ~—

1
2
3
4

7.28 In order to test whether the coins were fair, the following decision criteria were established:
@ If the number of fronts when a coin thrown 100 times is in between 40 and 60,
the null hypothesis is adopted.
@ In other cases, the null hypothesis is rejected.

1) What is the null and alternative hypothesis?
2) What is the probability of the type 1 error in this test?
3) Mark the critical value of this test using the standard normal distribution.
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4) Calculate the probability of the type 2 error when p = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,
0.7, 0.8 and 0.9.

7.29 The strength of glass produced by a glass company is said to be normally distributed and the
variance is 9200. If the strength of the glass is less than 2500 psi, it cannot be sold on the market
and is judged as defective. That is, the lower specification limit is L = 2500psi. If the defective
rate of a lot containing a lot of glass is 1%, the lot is accepted, and if the defective rate is 5%,
it is rejected. What should be the sample size and decision criteria? However, the decision criteria
should reflect the producer risk probability of rejecting a good lot, o = 1%, and the consumer risk
probability of rejecting a bad lot, B = 10%.

7.30 The moisture content of frozen meat produced by any food company must not exceed 20%. The
moisture content of all frozen meat is normally distributed and the standard deviation is 0.05%. If
a lot of frozen meat has a defective rate of 1% (defective if the moisture content exceeds 20%),
the lot is accepted, and if the defective rate is 2.5%, it is rejected. What should be the sample
size and decision criteria? The decision criteria should reflect the producer risk probability of
rejecting a good lot, o = 2.5%, and the consumer risk probability of rejecting a bad lot, f = 5%.
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7.1

7.2

7.3

7.4

7.5

7.6

7.7

Multiple Choice Exercise

What is the type 1 error?

D Error rejecting the null hypothesis when it is true
@ Error accepting the null hypothesis when it is true
@ Error rejecting the null hypothesis when it is not true
@ Error accepting the null hypothesis when it is true

Which hypothesis is accepted when the null hypothesis is rejected?

@ null hypothesis @ significant hypothesis
@ alternative hypothesis @ basic hypothesis

Which of the following statements is true?

D The conclusion about a statistical test is always absolute.

@ Rejecting null hypothesis implies we accept the alternative hypothesis.

@ In order to reduce the type 1 error, significance level of 0.05 is better than 0.01.
@ In order to reduce the type 1 error, significance level of 0.01 is better than 0.05.

What is the meaning of the significance level o = 0.05?

@D 5% of decisions to reject the null hypothesis when it is true if the same test
method was repeated repeatedly

@ 5% of decisions to reject the alternative hypothesis when it is true if the same
test method was repeated repeatedly

@ The probability of accepting the null hypothesis is 0.05.

@ The probability of accepting the alternative hypothesis is 0.05.

What is the critical value to reject the null hypothesis if the alternative hypothesis is right sided
when the sampling distribution to test the population mean is the standard normal distribution?

@ 2.58 @ 1.64 @ -2.33 @ 1.96

If the null hypothesis is H, : u = u,, what is the two-sided alternative hypothesis?

O H o on> @ H :op<py
© H ¢ op=p @ H o opF o

The following lists the sequence of a statistical hypothesis test. What's the right order?

. Set a hypothesis.

. Determine the significance level.

. Determine whether or not to accept the hypothesis.
. Calculate the test statistic.

. Find the rejection region

O QOO0 T

@O a—d—e—b—c
@ a—d—b—e—c
® b—e—d—a—c
@ a—c—b—d—e
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7.8 Which of the following statements is incorrect?

(D The rejection of the null hypothesis means accepting the alternative hypothesis.
@ The maximum allowable probability of the type 1 error is the significance level.
@ Error accepting the null hypothesis when it is false is the type 1 error.

@ Error accepting the alternative hypothesis when it is false is the type 2 error.

79 If H,:0” =0;, what is the decision rule of the two sided test with the significance level of o?

_ 2
@D If W> X2 1., reject H,.

_ 2
@ If M<Xi71.m reject H,.

B 2
@ If W>thm/2, reject H,.

n—1)5" ,—1)5? .
@ |f (n 0_2) >X?},*L(z/2 or (n 0_2) <Xi*Ll*a/21 reJeCt }]0
0 0

7.10 When a coin was thrown 10,000 times to check whether it was normal, the front and back came
out 5020 times and 4980 times. What is the hypothesis you want to test?

@ H, : p = 10000 @ Hy, : p > 5000
@ Hy : p=205 @ Hy : p=05

7.11 What is the power of a test?

D a @1-a
@ B @D1-p

7.12 What is the operating characteristic probability?

e @1-a
® s @1-p
(Answers)

710,723,730, 740, 750,76 @, 7.7 @, 78 @, 79 @, 7.10 B,
711 @, 712 @



